Abstract Based on invariant algebras, we introduce representations 6−th of Lie algebras and representations 4−th of Leibniz algebras, give the extended P-B-W Theorems in the context of the new representations of Lie algebras and Leibniz algebras, and generalize the Hopf-algebra structure on the enveloping algebras of Lie Algebras.
several ways of making the subalgebra End W (V ) into a Leibniz algebra. Also, there are several new brackets which are different from the ordinary bracket and make End W (V ) into a Lie algebra. In fact, if we fix a scalar k ∈ k and a linear transformation q satisfying q(W ) = 0 and q(v) − v ∈ W for all v ∈ V ,
then End W (V ) becomes a Leibniz algebra with respect to the following 4-th angle bracket , 4,k :
f, g 4,k = f g − gf + gqf − f gq + kf qg − kqgf for f , g ∈ End W (V ),
and End W (V ) becomes a Lie algebra with respect to the following 6-th square bracket [ , ] 6,k :
[f, g] 6,k := f g − gf − f gq + gf q + kf qg − kgqf for f , g ∈ End W (V ).
Replacing gℓ(V ) by the Leibniz algebra (End W (V ), , 4,k ), we get the notion of representations 4−th of Leibniz algebras. Replacing gℓ(V ) by the Lie algebra (End W (V ), [ , ] 6,k ), we get the notion of representations 6−th of Lie algebras.
The Poincaré-Birkhoff-Witt Theorem (P-B-W Theorem) and the Hopf algebra structure for the enveloping algebras of Lie algebras are of great importance to the ordinary representations of Lie algebras. To initiate the study of the new representations of Lie algebras and Leibniz algebras, it is natural to study the counterparts of the P-B-W Theorem and the Hopf algebra structure for the enveloping algebras of Lie algebras in the context of the new representations of Lie algebras and Leibniz algebras. The purpose of this paper is to present our results in this study. This paper consists of six sections. In section 1, we introduce the notion of invariant algebras, discuss some basic properties of invariant algebras, and define representations 6−th of Lie algebras and representations 4−th of Leibniz algebras. In section 2, we introduce free invariant algebras and construct a basis for a free invariant algebras. In section 3, we introduce enveloping 6−th algebras of Lie algebras and give the extended 6−th P-B-W theorem. In section 4, we introduce bialgebras with σ-counit and Hopf-like 6−th algebras. The main results of this section is that the enveloping 6−th algebra of a Lie algebra is a Hopf-like 6−th algebra. In section 5, we introduce enveloping 4−th algebras of Leibniz algebras and give the extended 4−th P-B-W theorem. In section 6, we introduce Hopf-like 4−th i algebras with i = 1, 2 and study Hopf-like 4−th i algebra structures on the enveloping 4−th algebra of a Leibniz algebra.
Invariant Algebras
We begin this section by introducing the notion of invariant algebras. Definition 1.1 Let A be an associative algebra with an idempotent q. The set
is called the (right) invariant algebra induced by the idempotent q.
The most important example of invariant algebras is the linear invariant algebra over a vector space. Let V be a vector space, let End(V ) be the associative algebra of all linear transformations from V to V , and let I be the identity linear transformation of V . If W is a subspace of V , then an linear transformation q satisfying (2) is an idempotent. An element q of End(V ) satisfying (2) Clearly, the linear invariant algebra (End(V ), q) over V induced by a Widempotent q consists of all linear transformations of V having W as an invariant subspace, i.e., (End(V ), q) = End W (V ). The next proposition shows that any invariant algebra can be imbedded in a linear invariant algebra.
There are six ways of making an invariant algebra into a Lie algebra. One of the six ways is given in the following Proposition 1.2 If q is an idempotent of an associative algebras A, then (A, q) becomes a Lie algebra under the following 6-th square bracket
where x, y ∈ (A, q), and k is a fixed scalar in the field k. This Lie algebra is denoted by
There are four ways of making an invariant algebra into a Leibniz algebra. One of the four ways is given in the following Proposition 1.3 If q is an idempotent of an associative algebras A, then (A, q) becomes a Leibniz algebra under the following 4-th angle bracket
where x, y ∈ (A, q), and k is a fixed scalar in the field k. This Leibniz algebra is denoted by Leib (A, q), , 4,k .
Let W be a subspace of a vector space V , and let q be a W -idempotent. The Lie algebra Lie (End(V ), q), [ , ] 6,k is denoted by gℓ We finish this section with the following Definition 1.4 Let W be a subspace of a vector space V over a field k and let q be a W -idempotent.
(i) A Lie algebra homomorphism ϕ from a Lie algebra (L, [ , ] ) to the 6-th general linear Lie algebra gℓ
(ii) A Leibniz algebra homomorphism ϕ from a Leibniz algebra (L, , ) to the 4-th general linear Leibniz algebra gℓ
Free Invariant Algebras
Let (Â,q) be an invariant algebra, and letî be a map from a set X to (Â,q).
The pair (Â,q),î is called the free invariant algebra generated by the set X if the following universal property holds: given any invariant algebra (A, q) and any map θ : X → (A, q) there exists a unique invariant homomorphism θ : (Â,q) → (A, q) such thatθî = θ; that is, the following digram is commutative
The free invariant algebra generated by a set is clearly unique.
We now construct free invariant algebras over a field k. Let X := { x j | j ∈ J } be a set, and letq be a symbol which is not an element of X. Let T (V ) be the tensor algebra based on a vector space V , where V = j∈J kx j kq is the vector space over k with a basis X {q}. Let I be the ideal of T (V ) generated by {q ⊗q −q,q ⊗ a ⊗q −q ⊗ a | a ∈ T (V ) }.
LetÂ := T (V ) I andq :=q + I. Then (Â,q) is an invariant algebra.
Proposition 2.1
The pair (Â,q),î is the free invariant algebra generated by the set X = { x j | j ∈ J }, where the mapî : X → (Â,q),î is defined bŷ
Letx j :=î(x j ) = x j + I for j ∈ J. The product of two elements a and b of (Â,q) is simply denoted by ab. The next proposition gives a basic property of the free invariant algebra (Â,q), i generated by the set X.
Proposition 2.2
The following subset of (Â,q),î
is a k-basis of the vector space (Â,q).
Enveloping 6−th Algebras of Lie Algebras
In the remaining part of this paper, we assume that the scalar k is non-zero.
Using invariant algebras and invariant homomorphisms in section 1, we introduce enveloping 6−th algebras of Lie algebras in the following
Definition 3.1 Let (L, [ , ]) be a Lie algebra (arbitrary dimensionality and characteristic)
. By a enveloping 6−th algebra of (L, [ , ]) we will understand a pair (U,q), i composed of an invariant algebra (U,q) together with a map i : L → (U,q) satisfying the following two conditions:
k is a Lie algebra homomorphism; that is, i is linear and
(ii) given any invariant algebra (A, q) and any Lie algebra homomorphism f :
is, the following diagram is commutative:
(U,q)
Clearly, the enveloping 6−th algebra of a Lie algebra L, which is also denoted by (U 6−th k (L),q), is unique up to an invariant isomorphism.
We now construct the enveloping 6−th algebra of a Lie algebra (L, [ , ]) over
). Let (Â,q),î be the free invariant algebra generated by the set X. By Proposition 2.2,X := {x j :=î(x j ) | j ∈ J } is a linearly independent subset of (Â,q). Hence,î can be extended to an injective linear mapî : L → (Â,q). Letx :=î(x) for all x ∈ L. Let R be the ideal of (Â,q) which is generated by all the elements of the form
Define a map i : L → (U,q) by
We have the following The following proposition gives the counterpart of P-B-W Theorem in the context of representations 6−th of Lie algebras. 
is a basis for the enveloping 6−th algebra (U,q)) of the Lie algebra L.
4 Hopf-like 6−th Algebras
Let C be a vector space over a field k. The canonical map c → 1 ⊗ c is denoted by C → k ⊗ C, and the canonical map c → c ⊗ 1 is denoted by C → C ⊗ k respectively, where c ∈ C. If V and W are vector spaces over a field k, then the twist map
First, we introduce the concept of a bialgebra with σ-counit.
Definition 4.1 An associative algebra H over a field k is called a bialgebra with σ-counit if there exist five linear maps
H → H such that the following eight diagrams are commutative:
with σ-counit over a field k is called a Hopf-like 6−th algebra if there exists a linear map S : H → H such that the following diagram is commutative:
The linear map S satisfying (8) is called the antipode 6−th -like of the Hopflike 6−th algebra.
The first generalization of the Hopf algebra structure for the ordinary enveloping algebra of a Lie algebra is given in the following 
and the linear map σ :
Enveloping 4−th algebras of Leibniz algebras
The concept of the enveloping 4−th algebra of a Leibniz Algebra is introduced in the following Definition 5.1 Let (L, , ) be a Leibniz algebra (arbitrary dimensionality and characteristic). By a enveloping 4−th algebra of (L, , ) we will understand a pair (U,q), i composed of an invariant algebra (U,q) together with a map i : L → (U,q) satisfying the following two conditions: 
(ii) given any invariant algebra (A, q) and any Leibniz algebra homomorphism
; that is, the following diagram is commutative:
Clearly, the enveloping 4−th algebra of a Leibniz algebra L, which is also denoted by (U 4−th k (L),q), is unique up to an invariant isomorphism.
We now construct the enveloping invariant algebra of a Leibniz algebra (L, , ) over a field k. Let X = { x j | j ∈ J } be a basis of (L, , ). Let (Â,q),î be the free invariant algebra generated by the set X. By Proposition 2.2,X := {x j :=î(x j ) | j ∈ J } is a linearly independent subset of (Â,q). Hence, i can be extended to an injective linear mapî : L → (Â,q). Letx :=î(x) for all x ∈ L. Let R be the ideal of (Â,q) which is generated by all the elements of the form x, y −xŷ +ŷx −ŷqx +xŷq − kxqŷ + kqŷx, where x, y ∈ L and we identify L withî(L). Let U :=Â R ,q :=q + R.
Define a map i : L → (U,q) by 
